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In recent years, the study of function spaces associated with Hermite operators has inspired great interest. Dziubański \[[@CR7]\] introduced the Hardy space $\documentclass[12pt]{minimal}
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                \begin{document}$(\mathit{VMO}_{L}(\mathbb {R}^{d}))^{*}=H_{L}^{1}(\mathbb {R}^{d})$\end{document}$. Moreover, recently, Jiang et al. in \[[@CR14]\] defined the predual spaces of Banach completions of Orlicz--Hardy spaces associated with operators. Bui et al. \[[@CR3]\] considered the Besov and Triebel--Lizorkin spaces associated with Hermite operators.

One of the main purposes of studying the function spaces is to give the equivalent characterizations of them, for example, square functions characterizations for Hardy spaces \[[@CR10]\], Carleson measure characterizations for BMO spaces \[[@CR8]\] or Morry--Campanato spaces \[[@CR6]\]. The aim of this paper is to give characterizations of the dual spaces and predual spaces of the Hardy spaces $\documentclass[12pt]{minimal}
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Remark 1 {#FPar1}
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                \begin{document}$\rho(x)=\frac{1}{1+|x|}$\end{document}$ be the auxiliary function defined in \[[@CR17]\]. This auxiliary function plays an important role in the estimates of the operators and in the description of the spaces associated with *L*. Then, for $\documentclass[12pt]{minimal}
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We define Campanato space associated with *L* as (cf. \[[@CR1]\] or \[[@CR20]\]).

Definition 1 {#FPar3}
------------
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The predual space of the classical Hardy space has been studied in \[[@CR19]\] and \[[@CR16]\].

Definition 2 {#FPar7}
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Proposition 5 {#FPar8}
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Remark 2 {#FPar10}
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The paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, we give some estimates of the kernels. In Sect. [3](#Sec3){ref-type="sec"}, we give the proof of Theorem [1](#FPar9){ref-type="sec"}. The proofs of Theorem [2](#FPar11){ref-type="sec"} will be given in Sect. [4](#Sec4){ref-type="sec"}.
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Estimates of the kernels {#Sec2}
========================

In this section, we give some estimates of the kernels, which we will use in the sequel.

The proofs of these estimates can be found in \[[@CR9]\].
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By subordination formula, we can give the following estimates about the Poisson kernel.
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-------

*For every* *N*, *there is a constant* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C_{N}>0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A>0$\end{document}$ *such that* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ 0\leq P_{t}^{L}(x,y)\leq C_{N} \frac{t}{(t^{2}+A|x-y|^{2})^{(d+1)/2}} \biggl(1+\frac{t}{\rho(x)}+\frac{t}{\rho(y)} \biggr)^{-N}. $$\end{document}$$*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$|h|<\frac{|x-y|}{2}$\end{document}$. *Then*, *for any* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$N>0$\end{document}$, *there exist constants* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C>0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C_{N}>0$\end{document}$ *such that* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \bigl\vert P_{t}^{L}(x+h,y)-P_{t}^{L}(x,y) \bigr\vert \leq C_{N}\frac{|h|}{\sqrt{t}}\frac{t}{(t^{2}+A|x-y|^{2})^{(d+1)/2}} \biggl(1+ \frac{t}{\rho(x)}+\frac{t}{\rho(y)} \biggr)^{-N}. $$\end{document}$$

Duong et al. \[[@CR6]\] proved the following estimates about the kernel $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$D_{t}^{L}(x,y)$\end{document}$.

Lemma 3 {#FPar14}
-------
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-----
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                \begin{document}$s\in(0,\frac{1}{2}]$\end{document}$, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I_{1}\leq C s^{-\frac{d}{2}}(1+s)\exp{ \biggl(-\frac{|x-y|^{2}}{8s} \biggr)}\leq Ct^{-\frac{d}{2}}\exp{ \biggl(-\frac{|x-y|^{2}}{8t} \biggr)}. $$\end{document}$$ When $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$s\in[\frac{1}{2},1)$\end{document}$, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I_{1}\leq C t^{-d}\exp{ \biggl(-\frac{|x-y|^{2}}{8s} \biggr)} \leq Ct^{-d}\exp{ \biggl(-\frac{|x-y|^{2}}{8t} \biggr)}. $$\end{document}$$ Then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \biggl\vert \sqrt{t}\frac{\partial}{\partial x_{j}}K_{t}^{L}(x,y) \biggr\vert \leq Ct^{-\frac{d}{2}}\exp{ \biggl(-\frac{|x-y|^{2}}{8t} \biggr)}. $$\end{document}$$ By ([7](#Equ7){ref-type=""})--([9](#Equ9){ref-type=""}), we get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \bigl\vert \sqrt{t}A_{j}K_{t}^{L}(x,y) \bigr\vert \leq Ct^{-\frac{d}{2}}\exp{ \biggl(-\frac{|x-y|^{2}}{8t} \biggr)}. $$\end{document}$$ Similar to the proof of ([10](#Equ10){ref-type=""}), for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$N>0$\end{document}$, we can prove $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bigl(\sqrt{t} \vert x \vert \bigr)^{N} \bigl\vert \sqrt{t}A_{j}K_{t}^{L}(x,y) \bigr\vert \leq C_{N}t^{-\frac{d}{2}}\exp { \biggl(-\frac{ \vert x-y \vert ^{2}}{8t} \biggr)} $$\end{document}$$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t^{N} \bigl\vert \sqrt{t}A_{j}K_{t}^{L}(x,y) \bigr\vert \leq C_{N}t^{-\frac{d}{2}}\exp{ \biggl(-\frac { \vert x-y \vert ^{2}}{8t} \biggr)}. $$\end{document}$$ Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho(x)=\frac{1}{1+|x|}$\end{document}$, we get $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac{\sqrt{t}}{\rho(x)}=\sqrt {t}(1+|x|)$\end{document}$. Then, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$N>0$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \biggl(\frac{\sqrt{t}}{\rho(x)} \biggr)^{N} \bigl\vert \sqrt {t}A_{j}K_{t}^{L}(x,y) \bigr\vert \leq C_{N}t^{-\frac{d}{2}}\exp{ \biggl(-\frac { \vert x-y \vert ^{2}}{8t} \biggr)}. $$\end{document}$$ Since *x* and *y* are symmetric, we also have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \biggl(\frac{\sqrt{t}}{\rho(y)} \biggr)^{N} \bigl\vert tA_{j}K_{t}^{L}(x,y) \bigr\vert \leq C_{N}t^{-\frac{d}{2}}\exp{ \biggl(-\frac{ \vert x-y \vert ^{2}}{8t} \biggr)}. $$\end{document}$$ Then (a) follows from ([10](#Equ10){ref-type=""})--([12](#Equ12){ref-type=""}).

\(b\) Note that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \bigl\vert \sqrt{t}A_{j}K_{t}^{L} \bigl(x',y\bigr)-\sqrt{t}A_{j}K_{t}^{L}(x,y) \bigr\vert \\& \quad \leq \biggl\vert \sqrt{t}\frac{\partial}{\partial x_{j}}K_{t}^{L} \bigl(x',y\bigr)-\sqrt {t}\frac{\partial}{\partial x_{j}}K_{t}^{L}(x,y) \biggr\vert + \bigl\vert \sqrt{t}x'_{j}K_{t}^{L} \bigl(x',y\bigr)-\sqrt{t}x_{j}K_{t}^{L}(x,y) \bigr\vert \\& \quad \doteq J_{1}+J_{2}. \end{aligned}$$ \end{document}$$ For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$J_{2}$\end{document}$, let $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \varphi(z)=\varphi_{y,s}(z)=z_{j}\exp{ \biggl(- \frac{1}{4}\alpha (s,z,y) \biggr)}, $$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha(s,z,y)=s|z+y|^{2}+\frac{1}{s}|z-y|^{2}$\end{document}$.

Then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{\partial\varphi}{\partial z_{k}}(z)= \biggl(\delta_{jk}-\frac {s}{2}z_{j}(z_{k}+y_{k})- \frac{1}{2s}z_{j}(z_{k}-y_{k}) \biggr)\exp{ \biggl(-\frac {1}{4}\alpha(s,z,y) \biggr)}. $$\end{document}$$ Therefore $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \biggl\vert \frac{\partial\varphi}{\partial z_{k}}(z) \biggr\vert \leq &C\biggl(1+s \vert z \vert \vert z+y \vert +\frac{1}{s} \vert z \vert \vert z-y \vert \biggr)\exp{ \biggl(-\frac{1}{4}\alpha (s,z,y) \biggr)} \\ \leq&C\biggl(1+s^{1/2} \vert z \vert +\frac{1}{s^{1/2}} \vert z \vert \biggr)\exp{ \biggl(-\frac {1}{8}\alpha(s,z,y) \biggr)} \\ \leq&C\biggl(1+s^{1/2}\bigl( \vert z-y \vert + \vert z+y \vert \bigr)+\frac{1}{s^{1/2}}\bigl( \vert z-y \vert + \vert z+y \vert \bigr) \biggr)\exp { \biggl(-\frac{1}{8}\alpha(s,z,y) \biggr)} \\ \leq&C\biggl(1+s+\frac{1}{s}\biggr)\exp{ \biggl(-\frac{1}{16s} \vert z-y \vert ^{2} \biggr)} \\ \leq&Cs^{-1}\exp{ \biggl(-\frac{1}{16s} \vert z-y \vert ^{2} \biggr)}. \end{aligned}$$ \end{document}$$ Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\theta=\lambda x+(1-\lambda)x'$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$0<\lambda<1$\end{document}$. Then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} J_{2} \leq&Ct^{-d/2} \bigl\vert x'_{j}K_{s} \bigl(x',y\bigr)-x_{j}K_{s}(x,y) \bigr\vert \\ \leq&Ct^{-d/2} \bigl\vert x-x' \bigr\vert \sup _{\theta} \bigl\vert \nabla\varphi(\theta) \bigr\vert \\ \leq&Ct^{-d/2}\frac{|x-x'|}{s}|\sup_{\theta}\exp{ \biggl(-\frac {|\theta-y|^{2}}{16s} \biggr)} \\ \leq&Ct^{-d/2}\frac{|x-x'|}{t}|\sup_{\theta}\exp{ \biggl(-\frac {|\theta-y|^{2}}{16t} \biggr)}. \end{aligned}$$ \end{document}$$ When $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$|x-x'|\leq\frac{|x-y|}{2}$\end{document}$, we can get $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$|\theta-y|\sim|x-y|$\end{document}$. Therefore, there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A>0$\end{document}$ such that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ J_{2}\leq Ct^{-d/2}\frac{|x-x'|}{t}\exp{ \biggl(-\frac {|x-y|^{2}}{At} \biggr)}. $$\end{document}$$ For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J_{1}$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} J_{1} =& \biggl\vert \sqrt{t}\frac{\partial}{\partial x_{j}}K_{t}^{L} \bigl(x',y\bigr)-\sqrt {t}\frac{\partial}{\partial x_{j}}K_{t}^{L}(x,y) \biggr\vert \\ =&\sqrt{t} \biggl\vert \frac{\partial}{\partial x_{j}}K_{s} \bigl(x',y\bigr)-\frac {\partial}{\partial x_{j}}K_{s}(x,y) \biggr\vert \\ =&\sqrt{t} \biggl\vert \biggl(s(x_{j}+y_{j})+ \frac{1}{s}(x_{j}-y_{j})\biggr)\exp{ \biggl(- \frac{1}{4}\alpha(s,x,y) \biggr)} \\ &{}-\biggl(s\bigl(x'_{j}+y_{j}\bigr)+ \frac{1}{s}\bigl(x'_{j}-y_{j}\bigr) \biggr)\exp{ \biggl(-\frac{1}{4}\alpha \bigl(s,x',y\bigr) \biggr)} \biggr\vert . \end{aligned}$$ \end{document}$$ Let $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi(z)=\psi_{y,s}(z)=\biggl(s(z_{j}+y_{j})+ \frac{1}{s}(z_{j}-y_{j})\biggr)\exp{ \biggl(- \frac{1}{4}\alpha(s,z,y) \biggr)}. $$\end{document}$$ Then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \frac{\partial\psi}{\partial z_{k}}(z) =&\biggl[\biggl(s+\frac{1}{s}\biggr)\delta _{jk}-\frac{1}{2}\biggl(s(z_{j}+y_{j})+ \frac{1}{s}(z_{j}-y_{j})\biggr) \\ &{}s(z_{k}+y_{k})+\frac{1}{s}(z_{k}-y_{k}) \biggr]\exp{ \biggl(-\frac{1}{4}\alpha (s,z,y) \biggr)}. \end{aligned}$$ \end{document}$$ Therefore, similar to the proofs of ([13](#Equ13){ref-type=""}) and ([14](#Equ14){ref-type=""}), we can prove $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\biggl\vert \frac{\partial\psi}{\partial z_{k}}(z) \biggr\vert \leq Cs^{-1}\exp { \biggl(-\frac{1}{4}\alpha(s,z,y) \biggr)} $$\end{document}$$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} J_{1} \leq&C\sup_{\theta}\bigl\vert \nabla\psi( \theta) \bigr\vert \bigl\vert x-x' \bigr\vert \\ \leq&Ct^{-d/2}\frac{|x-x'|}{t}|\exp{ \biggl(-\frac {|x-y|^{2}}{At} \biggr)}. \end{aligned}$$ \end{document}$$ Inequalities ([13](#Equ13){ref-type=""}) and ([15](#Equ15){ref-type=""}) show $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \bigl\vert \sqrt{t}A_{j}K_{t}^{L}(x,y)- \sqrt{t}A_{j}K_{t}^{L}\bigl(x',y \bigr) \bigr\vert \leq C_{N}\frac{|x-x'|}{t}t^{-\frac{d}{2}}\exp{ \biggl(-\frac {|x-y|^{2}}{At} \biggr)}. $$\end{document}$$ Then, similar to the proof of (a), we have $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bigl\vert \sqrt{t}A_{j}K_{t}^{L}(x,y)- \sqrt{t}A_{j}K_{t}^{L}\bigl(x',y \bigr) \bigr\vert \leq C_{N}\frac{|x-x'|}{t}t^{-\frac{d}{2}}\exp{ \biggl(-\frac {|x-y|^{2}}{At} \biggr)} \biggl(1+\frac{\sqrt{t}}{\rho(x)}+\frac{\sqrt {t}}{\rho(y)} \biggr)^{-N}. $$\end{document}$$

\(c\) Noting that $$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \biggl\vert \int_{\mathbb {R}^{d}}\sqrt{t}A_{j}K_{t}^{L}(x,y) \,dy \biggr\vert \\& \quad \leq \biggl\vert \int_{\mathbb {R}^{d}}\sqrt{t}\partial _{x_{j}}K_{t}^{L}(x,y) \,dy \biggr\vert + \biggl\vert \int_{\mathbb {R}^{d}}\sqrt {t}x_{j}K_{t}^{L}(x,y) \,dy \biggr\vert \\& \quad \doteq I+\mathit{II}. \end{aligned}$$ \end{document}$$ The proof of part *I* can be found in Lemma 3.9 of \[[@CR6]\]. For part *II*, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$|x_{j}|\leq1+|x|=\frac{1}{\rho(x)}$\end{document}$ and Lemma [1](#FPar12){ref-type="sec"}, we get $$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\mathit{II}\leq\frac{\sqrt{t}}{\rho(x)} \int_{\mathbb {R}^{d}}\sqrt {t} \bigl\vert K_{t}^{L}(x,y) \bigr\vert \,dy\leq\frac{\frac{\sqrt{t}}{\rho(x)}}{ (1+\frac{\sqrt{t}}{\rho(x)} )^{N}}. $$\end{document}$$ Therefore, part (c) holds and this completes the proof of Proposition [4](#FPar15){ref-type="sec"}. □

Lemma [4](#FPar15){ref-type="sec"} and the subordination formula give the following.

Lemma 5 {#FPar17}
-------

*There is* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C>0$\end{document}$ *for* $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$N\in\mathbb {N}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$|x-x'|\leq\frac{|x-y|}{2}$\end{document}$, *we can find* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$C_{N}>0$\end{document}$ *such that* $$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} (\mathrm{a})&\quad \bigl\vert Q_{t}^{L}(x,y) \bigr\vert \leq C_{N}\frac{t}{(t^{2}+A \vert x-y \vert ^{2})^{(d+1)/2}} \biggl(1+\frac{t}{\rho(x)}+ \frac{t}{\rho(y)}\biggr)^{-N}; \\ (\mathrm{b})&\quad \bigl\vert Q_{t}^{L}(x,y)-Q_{t}^{L} \bigl(x',y\bigr) \bigr\vert \leq C_{N} \biggl( \frac{ \vert x-x' \vert }{t} \biggr)\frac{t}{(t^{2}+A \vert x-y \vert ^{2})^{(d+1)/2}} \biggl(1+\frac{t}{\rho(x)}+ \frac{t}{\rho(y)}\biggr)^{-N}; \\ (\mathrm{c})&\quad \biggl\vert \int_{\mathbb {R}^{d}}Q_{t}^{L}(x,y)\,dy \biggr\vert \leq C_{N}\frac{t/\rho(x)}{(1+t/\rho(x))^{N}}. \end{aligned}$$ \end{document}$$

Carleson measure characterization of $\documentclass[12pt]{minimal}
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                \begin{document}$\Lambda_{\alpha}^{L}$\end{document}$ {#Sec3}
=====================================================================

Let $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$s_{L}$\end{document}$ denote the Littlewood--Paley *g*-function associated with *L*, i.e., $$\documentclass[12pt]{minimal}
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                \begin{document}$$s_{L}f(x)= \biggl( \int_{0}^{\infty} \bigl\vert Q_{t}^{L}f(x) \bigr\vert ^{2}\frac {dt}{t} \biggr)^{1/2}, $$\end{document}$$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$A_{L}$\end{document}$ denote the Lusin area integral associated with *L*, i.e., $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_{L}f(x)= \biggl( \int_{0}^{\infty} \int_{\Gamma(x)} \bigl\vert Q_{t}^{L}f(x) \bigr\vert ^{2}\frac{dy\,dt}{t} \biggr)^{1/2}. $$\end{document}$$ Then we can prove the following.

Lemma 6 {#FPar18}
-------

*The operators* $\documentclass[12pt]{minimal}
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                \begin{document}$A_{L}$\end{document}$ *are isometries on* $\documentclass[12pt]{minimal}
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                \begin{document}$L^{2}(\mathbb{R}^{d})$\end{document}$ *up to constant factors*. *Exactly*, $$\documentclass[12pt]{minimal}
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                \begin{document}$$\|s_{L}f\|_{L^{2}}=\frac{1}{2}\|f\|_{L^{2}}, \qquad \|A_{L}f\|_{L^{2}}=C_{d}\|f\|_{L^{2}}. $$\end{document}$$

The proof of Lemma [6](#FPar18){ref-type="sec"} is standard, we omit it.

Let $\documentclass[12pt]{minimal}
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                \begin{document}$F(x,t)=Q_{t}^{L}f(x)$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$G(x,t)=Q_{t}^{L}g(x)$\end{document}$. Then we have the following lemma.

Lemma 7 {#FPar19}
-------

*If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$g\in L^{1} ((1+|x|)^{-(d+1)}\,dx )$\end{document}$ *and* *f* *is an* $\documentclass[12pt]{minimal}
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The proofs of Lemmas [7](#FPar19){ref-type="sec"} and [8](#FPar20){ref-type="sec"} can be found in \[[@CR8]\].

Now we can give the proof of Theorem [1](#FPar9){ref-type="sec"}.

Proof of Theorem [1](#FPar9){ref-type="sec"} {#FPar21}
--------------------------------------------
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Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f\in L^{1} ((1+|x|)^{-(d+1)}\,dx )$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Q_{t}^{L}f(x)\in T_{2}^{p,\infty}$\end{document}$. We want to prove that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f\in \Lambda_{d(1/p-1)}^{L}$\end{document}$. By $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Lambda_{d(1/p-1)}^{L}$\end{document}$ is the dual space of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H_{L}^{p}(\mathbb {R}^{d})$\end{document}$, it is sufficient to prove that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_{L}^{p}\ni g\mapsto\mathcal{L}_{f}(g):= \int_{\mathbb{R}^{d}}f(x)g(x)\,dx $$\end{document}$$ defined on finite linear combinations of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H_{L}^{p,\infty}$\end{document}$-atoms satisfies the estimate $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bigl\vert \mathcal{L}_{f}(g) \bigr\vert \leq C \bigl\Vert Q_{t}^{L}f \bigr\Vert _{T_{2}^{p, \infty}}\|g \|_{H_{L}^{p}}. $$\end{document}$$ By Lemma [7](#FPar19){ref-type="sec"}, Lemma [8](#FPar20){ref-type="sec"}, and Proposition [3](#FPar5){ref-type="sec"}, we get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \bigl\vert \mathcal{L}_{f}(g) \bigr\vert =& \biggl\vert \int_{\mathbb{R}^{d}}f(x)g(x)\, dx \biggr\vert \\ =&4 \biggl\vert \int_{\mathbb{R}^{d+1}_{+}}Q_{t}^{L}f(x)Q_{t}^{L}g(x) \frac{dx \,dt}{t} \biggr\vert \\ \leq&C \bigl\Vert Q_{t}^{L}f \bigr\Vert _{T_{2}^{p,\infty}} \bigl\Vert Q_{t}^{L}g \bigr\Vert _{T_{2}^{p}} \\ \leq&C \bigl\Vert Q_{t}^{L}f \bigr\Vert _{T_{2}^{p,\infty}} \Vert g \Vert _{H_{L}^{p}}. \end{aligned}$$ \end{document}$$ This gives the proof of part (b) and then Theorem [1](#FPar9){ref-type="sec"} is proved. □

The predual space of Hardy space $\documentclass[12pt]{minimal}
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==========================================================================

In this section, we give a Carleson measure characterization of the space $\documentclass[12pt]{minimal}
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Proof of Theorem [2](#FPar11){ref-type="sec"} {#FPar22}
---------------------------------------------
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